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1. INTRODUCTION 
The stability analysis of ordinary differential equations with impulsive 
effect has been the subject of many investigations [ 1-3, 51 in recent years 
and various interesting results have been reported. However, not much has 
been developed in the direction of integro-differential equations with 
impulsive effect except a few [4, 61 in which impulsive integral inequalities 
are used. The purpose of this paper is to investigate sufficient conditions for 
uniform stability and uniform asymptotic stability of integro-differential 
equations with impulsive effect by employing a class of piecewise continuous 
Liapunov functional without decrescent property. It is also proved that 
every solution of an integro-differential system meets any given surface at 
most once and thus there exist no pulse phenomena in the system. 
2. PRELIMINARIES AND BASIC RESULTS 
Let the hypersurfaces CS~ be defined by the equations 
a,:t=z,(x), o<T,(x)<T>(x)< ‘.., a,:R”+(O,co)foreachk=1,2,... 
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where rk + cc as k --+ co. PC+ [A, B] denotes the class of piecewise 
continuous functions from A + B, where A and B are finite dimensional 
vector spaces, with discontinuities of the first kind at t = rk(x), k = 1, 2, . . . . 
and left continuous at t = ok(x). 
Let z,,(x) = 0 for x E R” and 
G/c= {(t,x)EJxW, zk- 1(x) < t < z,(x)}, k = 1, 2, . . . . 
where J: [to, cc ), to > 0. 
S(p)={x~R”:ll~ll<~, P>(J) and 
S(p)= (xER”: llxll <p, ~9)). 
The function V: Jx R” + R, belongs to class V, if 
(i) the function V is continuous on each of the set Gk and 
V( I, 0) - 0, 
(ii) for each k= 1, 2, . . . and (to, x0) E crk there exist finite limits 
vto - 0, x0) = (,, l&, xo) vt, x) 
(1. x) E Gk 
and 
with V(to - 0, x,,) = V( to, x0) satisfied. 
Also if (tO,xo)eGk, then V(t,+O, x,)= V(to, x0). 
Let VE I’,,. For (t, X)E UPC1 G,, D+ V is defined as 
D+ V(t, x(t)) = lim sup 
Jqt + h, x(t + h)) - V(t, x(t)) 
h-O+ h I. 
Consider the integro-differential system 
x’(t) = A(t)x(t) + jr K(t, s) x(s) ds, t z Tk(X), k = 1, 2, . . . 
10 (2.1) 
Ax I f = q(x) = I&), x(G) = x0, t E J, 
where A E PC+ [J, R”‘], K E PC+[Jx J, R”‘], Ik E C[R”, R”], zk E 
C’[R”, R,], and ZJO) = 0. 
In the following result we shall give sufficient conditions for the absence 
of beating, that is, the system (2.1) has no pulse phenomena. 
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THEOREM 2.1. 
Let the following conditions be satisfied: 
(i) Mt)ll GBfor tE-4 
(ii) I/K(t,s)ll~Me~“(‘~“‘for t,<s<t<cc; 
(iii) there exists a positive number h such that 
!,t$ ax ( Eh (x + d,(x)), Ik(X) > < 0 
and 
k = 1, 2, . . . . 
(v) there exists a positive number p ,< h such that 
where CY, 8, M, and N are positive constants and ( ., ) is the usual inner 
product of two vectors. 
Then the integral curue {(t, x(t)) : tE [to, T]} of every solution qf (2.1) 
which lies in the ball s(p), meets the hypersurface rsk : t = zk(x) at most once. 
Proof: Let x(t) be a solution of (2.1) which exists for all t > to and 
lies in the ball S(p) for to d t < T, t, > 0, where p being the same as in 
condition (iv). Let 
F(t,x(t))=A(t)x(t)+ji K(t,s)x(s)ds. 
hl 
Then from assumption (i) and (ii) we obtain 
Ilqt, x(t))11 G IIA(t) x(t)11 + j’ IIKtt, s)ll Il-+)ll ds 
62 
6 flp + M jr eCor(‘-‘) sup Ilx(s)ll ds 
10 O<S< 7- 
<bp+Mp j’ e-‘(‘-“ds 
10 
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and hence 
for all t, < t < T. (2.2) 
Suppose that there is a solution x(t) of (2.1) which meets some surface 
rrk more than once. Let t = tj > to be the point at which the solution x(t) 
of (2.1) first meets the surface ok . t = zk(x) for some j and again another 
closest hit at t = t* such that t* - tj > 0. Then we have 
tj= z/c(x(tj)) 
where to < tj < t*. 
From (2.1) it follows that 
and t* = ZfJX(t*)), 
X(t) = Xj + Zk(Xj) + jtl F(s, X(S)) ds, t> tj, 
where F(s, x(s)) = A(s) x(s) + ST0 K(s, 0) x(a) da. Therefore TJx(t*)) = 
r,(Xj + Zk(Xj) + J:,* F(s, X(S)) ds). 
Define a function 
Y(s) = 7,(x, + Zk(Xj) + sh) + Z,(Xj + SZk(Xj)) 
for s E [O, l] where h = J:,* F(s, x(s)) ds. Then by the mean-value theorem, 
we have 
Y( 1) - Y(O) = j; Y’(s) ds 
and hence 
h > ds 
+ s l< 2(Xi +SZk(Xj))’ Zk(xj) > ds. (2.3) 0 
From the inequality (2.2) and the second part of assumption (iii) it 
follows by using the Cauchy-Schwartz inequality that 
5 1 azk <ax (Xj+zk(Xj)+sh), h > ds 0 
(2.4) 
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Thus from (2.3) and (2.4) we obtain 
Since (j? + (M/a)) Np < 1, in view of assumption (iii) this leads to a 
contradiction and hence the proof is complete. 
In view of Theorem 2.1, we shall investigate in the next two sections the 
stability behavior of solutions of integro-differential equations with fixed 
moments of impulse effect (that is, the system (2.1) has no pulse 
phenomena). Therefore, we assume in Sections 3 and 4 that the hypersur- 
faces (T k : t = T,Jx) take a simple shape of hyperplanes zk(x) 5 tk, where 
t, (k=l,2,...) are fixed times such that O<t,,<t,<tz< . . . . t,+-x, 
as k-+x. 
3. LINEAR SYSTEMS 
Consider the linear integro-differential system with fixed moments of 
impulse effect 
x’(t) = A(t) x(t) + j-’ K(t, s) x(s) ds, tZtk, k = 1, 2, . . . . 
dx = I&), tzt,, x(to) = x0, 
(3.1) 
t E J, 
where AePC+[J, R”‘], KePC+[JxJ, R”‘], I,EC[R”, R”], and 
Z/JO) = 0. 
Let us also consider the linear impulsive ordinary differential system 
x’ = A( t)x, t+t,, 
(3.2) 
Ax = B,x, t=t,, x(t$)=x,, 
where B, (k = 1, 2, . ..) are n x n constant matrices such that det(Z+ B,+) # 0, 
Z being the identity matrix. 
Let qDk(t, s) be a fundamental matrix solution of the linear system 
x’= A(t)x, tk-,<t<tk. 
Then the solution of (3.2) can be written (see [2, p. 741) in the form 
52 RAMA MOHANA RAO, SRIVASTAVA, AND SIVASUNDARAM 
where 
(Pk(G s) for t, s~(t,-,, tk] 
(Pk+ I(t, Ik)(l+ Bk) (Pk(lk, s, 
Y( t, s) = for tkpl<s<tk<t<tk+I 
[ 
i+l 
(Pk+ I(t? tk) fl (I+ Bj) ‘?j(tj, tj- 1) (I+ Bi) cPi(ti, S) 
j=k 1 
for ti-,<s<ti<tk<t<tk+l. 
Define the matrix G(t) as 
G(t)=jl YyT(s, t) Y’(s, t) ds 
1 
where YT is the transpose of Y. Clearly G(t) is symmetric. 
THEOREM 3.1. Assume that the following conditions hold for XE S(p): 
(a) L IIxII < (G(t)x, x>‘j2 < l/2& llxll, 
(b) IIG(tbll dW(tb, x>“‘, 
(c) -fi+B j-7 IMu, t)ll du<O, p^>k, 
Cd) II-d ’ lb + zk(X)Il and (G(t)x, x)“~ > (G(t)(x + Ik(X)), 
(x + I&))) 1’2, 
where L, k, $ and /? are positive real numbers. Then the zero solution of 
(3.1) is uniformly stable. 
Proof: Let W( t, x) = (G( t)x, x)‘j2. Then we have 
w’( t, x) = (G’(t)x, x > <Wt)x’, x> 
2(G(t)x, x)“~ + 2(G(t)x, x)“~ 
for 
t+tk, (1, X)E ij G,. 
k=l 
From the fact that 
g (s, t) = -Y(s, t) A(t) and 
F (s, t) = -AT(t) YT(s, t) for t#tk, (t,X)E c Gk 
k=l 
(3.3) 
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it follows that 
G’(t)= -Z+la [G 
alu 
(s, t) Y(s, t) + Y”(s, t) - (s, I) 
I at 1 
ds 
7. 
= -I-A’(t)G(t)-G(t)A(t), t#t,, (t,x)e u Gk. 
k-l 
Hence (3.3) gives 
~;,l,(~~ x) = 
-<x,x) 
2(G(t)x, x)“~ 
+ (G(fb, j:,, Mt, s)x(s) ds) 
(G(t)x, x)“* 
for t#tk, (t,x)E 6 G,. (3.4) 
k=l 
Now define a Liapunov function V such that I/E V, and for (t, x) E 
UT=, Gk 
From (3.4) and assumptions (a) and (b), we obtain 
V;,,,(t, x) G - ~2 llxll + fl j’ IlWt, s)ll llx(~)ll ds 
10 
+ fl j-u IlKtu, t)ll du lIx(~)ll I 
- fl J:I IlWt, s)ll llx(~)ll ds 
for tft, and (~,x)E b G,. 
k=l 
Hence in view of assumption (c) it follows that 
V;3.1)(ty x) < 0 for t # tk, (?,x)E fi G,. (3.5 1 
k=l 
Further from assumption (d) it is clear that 
v(t: 3 xk + Ikcxk)) d V(tkr xk), (3.6) 
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where xk = x(tk). From assumption (a), (3.5), (3.6) and the definition of V, 
we obtain 
L Ilx(t)ll G ut, x(t)) 6 Jqto, x0) <-$ llxoll for all t 3 t,, 
where x(t) is any solution of (3.1). 
This implies that the zero solution of (3.1) is uniformly stable and hence 
the proof of the theorem is complete. 
Remark 3.1. Theorem 3.1 indicates that the decrescent property on the 
Liapunov function V can be relaxed in proving the uniform stability of the 
zero solution of (3.1). 
THEOREM 3.2. Assume that all the conditions of Theorem 3.1 hold except 
that condition (c) is replaced by 
(C) f&Ii?-/? I m IlK(u, t)ll du for some f>O and B>8. I 
Then the zero solution of (3.1) is uniformly asymptotically stable. 
Prooj By Theorem 3.1, the zero solution of (3.1) is uniformly stable. 
Following the proof of Theorem 3.1 we obtain 
q,,,,(t? XI d -y^ II4 for t#tk, (t,x)E (yj G, (3.7) 
k=l 
and 
V(fk+ > xk + zk(xk)) < V(tk, xkh (3.8) 
where xk = x( tk). 
Let 6 > 0 be the number corresponding to ~(0 < E < p) in the definition of 
uniform stability. Let 6, = 6(p) and choose T = T(E) > 0 as 
T(E)=- l 114311~ 
2lG@ 
We now claim that 
Il4t*, to, xo)ll < 6 for some t*e [to, to+ T], T>O. 
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Suppose not. Then we have 
II-44 to, x0)11 > 6 for all tE [to, to+ T]. (3.9) 
From assumption (a), (3.7), (3.8), and (3.9) it follows that 
For t = t, + T we get 
0 < L6 <L Ilx(t, + T, to, x0)11 < V(to + T, x(t, + T)) 
Again using (3.9) for t = to + T, we obtain 
o<Ld<L Ilx(to+ T, to, xdll d V(t,+ T, x(t,+ T)) 
< V(to, x0) - y^ 6T 
This is a contradiction to (3.9). Hence there exists a t* E [to, to + T] such 
that 
IIx(t*, to, xo)ll < 6. 
Therefore by uniform stability it follows that 
II-$6 to> %II < 8 for all t > t*. 
In particular for t *=t,+T, we have 
for all t 2 to + T 
and thus the proof of the theorem is complete. 
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4. NONLINEAR SYSTEMS 
Consider the nonlinear integro-differential system with fixed moments of 
impulsive effect 
’ x’=f(t, x) + s g(t, s, x(s)) ds, f#fk, 
k = 1, 2, . . . 
f0 
(4.1) 
Ax = ZJX), t=t,, x(t,‘)=xo, tEJ 
in which ~EPC+[JXR”, R”], gEPC+[JxJxR”,R”], g(t,s,O)EO, 
Zk E C’[R”, R”], f, = afla x exist, and f, E PC+ [Jx R”, R”] with f(t, 0) - 0 
and Zk(0) = 0. 
Consider the impulsive ordinary differential system 
x’ =f(t, xl, tftk, k = 1, 2, . . . 
Ax = Zk(x), t=tk, x(t,) = xg. 
Let Y(t, S) be a fundamental matrix solution of the linear system 
Y’=fx(t, O)YY t # tk 
AY=BkY, t= tk, 
where 
(4.2) 
B =ar, 
k ax x=o and f(t, x) =f,(t, 0)x + F(t, x). 
Define the matrix G(t) as 
G(t) = jx YT(s, t) !P(s, t) ds, 
f 
where YT is the transpose of Y, and a scalar function 
W(t, x) = (G(t)x, x)“‘. 
THEOREM 4.1. Assume that the following conditions hold for x E S(p): 
(i) there exists a positive number M such that 
IWt,x)- Wt, r)l <MIX-~11, 
(ii) tl llxll d (G(t)x, x>li2 < L I/XII, Lx, L > 0, 
(iii) IIG(t) Qt, XIII < llxll/A, A >O, 
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(iv) Ildu, t, x(t))11 d Nu, t) Ilx(t)ll, there 
i 
K 
sup R(u, t) du < ;c, 
la!” f 
(v) /&KS,” R(u, t)du>O, where fl= (Aa - 2Li2ALr) > 0 und 
K3M, 
(vi) II-41 > Ilx + Ik(,~)ll and 
(G(t)x, x) ‘12 > (G(t)(x + Zk(x)), .x + Zk(x)) “2. 
Then the zero solution of (4.1) is uniformly stable. 
Proof: From the definition W(t, x) = (G(t)x, .)‘I2 and f(t, x) = 
fJt, 0)x + F(t, x) it follows for t # t, and (t, x) E Up= 1 G, that 
W;4,2j(t 
> 
x) = ([G’(t) + 2G(t)f;(k 0)1x, x> 
2(G(t)x, x)“~ 
From the fact 
+ (2G(t) J’C‘(t, XL x> 
2(G(t)x, x)‘.” 
z (ST f) = -w, 2) f,(t, 0) and g (s, 2) = -f;(t, 0) Y”‘(s, 2) 
for t#t,, (t,x)~U?=~ Gk, we have 
G'(t)= -Z+ j- [G (s, t) Y’(s, f) + 9% f) g (s, t) ds 
f 1 
= -I-ff(& 0) G(t) - G(f)fx(t, 0). 
Therefore 
and hence 
<CG’(t)+Wf)fr(t, 0)1x, x> = -CT x> 
This, together with assumptions (ii) and (iii), gives 
%.2)(f, xl 6 T 
-llxll I llxll 
A~ 
= -B llxll for t#t, and (t,x)~ fi G,. (4.3 1 
k=l 
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We now define a Liapunov function V such that VE VO and for 
(6 xl E UE 1 G, 
Thus in view of assumption (i) we obtain 
ql.l)(~> x) = ~;4.2)(~~ xl + 44 j’ Ilg(t ,s, x(s))11 ds VI 
+K s Ip IMu, t, x(t))11 du 
-K I t; IId& A xb))ll ds. 
Using hypothesis (iv) and (4.3), we get 
m R(u, t) du llxll 
+ (M-K) j-’ IIg(f, 3, x(s)11 ds 10 
for all t#t,, (6x1~ fi G/c. (4.4) 
k=l 
From assumption (v) it follows that 
V;4.1)(t, x) < 0 for f # tk, (l, X)E ; G,. 
k=l 
Further from hypothesis (vi), we obtain 
V(tkf, xk + zk(xk)) < V(tk, xk), 
where xk = x( tk). 
Therefore for all t 2 t,, we have 
ci Ilx(t)ll G vt, x(t)) G Vh, x0) = W(h), XIJ < L IIxoll, 
which in turn implies that the zero solution of (4.1) is uniformly stable and 
hence the proof is complete. 
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THEOREM 4.2. Suppose all the conditions of Theorem 4.1 are satisfied 
except that condition (v) is replaced by 
(V)y<P-K I Oc R(u, t)du, I 
where /I = (AX - 2L/2ALc() > 0, K > M, and y > 0. Then the zero solution qf 
(4.1) is uniformly asymptotically stable. 
Proof: As in the proof of Theorem 4.1, by (4.4) it follows that 
ql.l)(f? x) G -Y II-4 for t#t,, (C,X)E (j G,. 
k-l 
The rest of the proof is similar to that of Theorem 3.2 and hence omitted. 
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